Introduction and motivation
In this article we consider an extension to the equations of poroelasticity by modelling the flow of a slightly compressible single phase fluid in a viscoelastic porous medium. The constitutive equations therefore allow for the presence of viscoelastic relaxation effects in the porous media (but not the fluid). Fully discrete numerical schemes are derived based on a lagged and non-lagged backward Euler time stepping method applied to a mixed and Galerkin finite element spatial discretization. We show that the lagged scheme is unconditionally stable and give an optimal a priori error bound for it. Furthermore, this scheme is practical and useful in the sense that it can be easily implemented in existing poroelasticity software because the coupling between the viscous stresses and pressures and the elasticity and flow equations is 'lagged' by one time step. The required additional coding therefore takes the form of extra 'right hand side loads' together with some updating subroutines for the viscoelastic internal variables, but the solver and assembly engines remain intact. This idea of lagging has been used before for nonlinearly viscoelastic diffusion problems in [3, 24] but, of course, is not new. Lagging in numerical schemes is discussed more widely by Lowrie in [14] .
This work was originally motivated by geomechanics applications but during its development we have become aware of its potential relevance to the modelling of cerebrospinal fluid flow and its relation to the condition of hydrocephalus. To the best of our knowledge this is the first time a mixed and Galerkin scheme has been analysed and implemented for viscoelastic porous media.
Geomechanics
Reservoir simulators are built by computationally solving partial differential equations that employ Darcy's law to approximate the flow through porous media. The oil reservoirs can be anywhere between 300 m to 10 km below the earth's surface in the lithosphere. At the simplest level of modelling the lithosphere (the porous medium) can be considered as pefectly rigid but, in practice, it is more accurately modelled as being either elastic or viscoelastic as in, for example, [2, Chap. 2] and [18, 6, 31] . The point made by Lakes in [12, § 7.4.1] is that although at room temperatures rock is not in general a 'lossy' medium, at the elevated temperatures in the Earth's interior the viscoelastic loss tangents can be significant. Also in [12, § 8.3 .1], an explanation of viscoelastic behaviour of porous media even at cooler temperatures is given based on the time and frequency dependent drag forces from the stress-induced fluid flow. [20, 21, 22] and then Wheeler and Gai in [32] described, discretized and analysed a poroelasticity model in which the porous rock was allowed to behave linear elastically (see for example [7, 5] ). Rohan et al. in [25] then followed by using homogenisation techniques to extend that poroelasticity model by including linear viscoelastic effects. Under the assumption of slow fluid flow, that model -considered below -is able to simulate relaxation and creep behaviour, as well capture damping and frequency dependent behaviour (see the interesting article [4] for an idea of the importance of viscoelastic damping in geology).
Recently Philips and Wheeler in

Cerebrospinal fluid (CSF) flow
Our original connection to this potential application came through exposure to the work that now appears in [9] . Here the flow of CSF through the ventricles of an elastic-spongelike brain is modelled using essentially the same equations of poroelasticity as touched on above. The work in [9] follows on from the developments presented in [28, 34] and is related to the studies in [26, 27, 33] . The last authors note that brain tissue is in general viscoelastic as described in, for example, [30, 17, 29, 19] and [12, § 7.5.7] and this provides the connection to the work presented in [25] and below.
We should also mention that the model in [9] allows for nonlinear compression-dependent effects, and also that [35] extends the model to finite strain hyperelasticity.
is the first to present it in a mixed and Galerkin framework.
The viscoelasticity of the porous media is introduced into the poroelasticity model by using a stress relaxation ODE (ordinary differential equation) for an 'internal stress variable' rather than the using the equivalent (when a Prony series relaxation function is assumed) notion of a 'hereditary integral'. This extension of Hooke's law to linear viscoelasticity is classical and very well documented in the literature (see, for example, [11, 10] ). What is not so obvious is how the viscoelasticity of the skeleton influences the flow equation for pressure. To reveal this mechanism Rohan et al. in [25] used homogenization arguments to derive the governing equations that appear below.
Although for the reasons touched on earlier this viscoelastic porous media model is useful in its own right, in another respect it serves (at least mathematically) as a starting point for adding other forms of internal variable equations. These can represent more complicated behaviour such as, for example, plasticity as formulated in [1] . We hope to return to these extensions at a later time as well as to other important topics such as the thermoporoelasticity model described in [13] .
We now move on to describe the model with which we shall be concerned. This will be followed in Section 3 with the numerical scheme; in Section 4 with a derivation of error bounds; in Section 5 with an illustration of these bounds and in Section 6 with a more practically-oriented demonstration of the model. We finish in Section 7 with some concluding remarks.
In isotropic linear elasticity theory in R d the symmetric stress tensor,
where ε ij (u) := 1 2
(u i,j +u j,i ) and with u = (u i ) d i=1 the displacement and λ, µ the Lamé constants. Unless explicitly stated otherwise the summation convention is in force throughout and we usually suppress x dependence to enhance readability. Note that D is positive definite on the symmetric second-order tensors and also that we are writing tensors of order one ('vectors') in bold and tensors of order two or four in bold underline.
The simplest way of including viscoelastic effects such as stress relaxation and creep is to introduce a history functional into the constitutive law (see e.g. [10] , [11] ). For this we introduce the stress relaxation function ϕ(t) = ϕ 0 + ϕ 1 e −t/τ , for constants ϕ 0 > 0, ϕ 1 0 and τ > 0 such that ϕ(0) = 1, and write the stress as,
where, here and below, the overdot signifies partial differentiation with respect to the (time) argument. It is a fundamental observation that with ψ 0 = 1/ϕ 0 and ψ 1 = ϕ 1 /ϕ 0 this relationship can be inverted to give,
where ψ(t) = ψ 0 − ψ 1 e −ϕ 0 t/τ is the creep function. Furthermore, noting thatφ(t − s) = −τ −1 ϕ 1 exp(−(t − s)/τ ) we define the internal stress variable
and get
With this we can write σ(t) = Dε(u(t)) − σ * (t) and thereby remove the explicit appearance of the displacement history. Now letting p denote the pressure field and assuming that p and u are zero at t = 0 we appeal to the simplest form of the model presented by Rohan et al. in [25] and, on borrowing terminology from poroelasticity, find that the total stress,σ ij := σ ij − αδ ij p, is given by,σ
where β ij + φδ ij are the Biot stress coefficients with β symmetric and φ > 0 the volume fraction of the fluid part. We will make the simplifying assumption that β ij = βδ ij for a positive real number β and then after integration by parts we obtaiñ
for a constant α = β + φ.
Again from [25] we have for the pressure equation that
where γ > 0 denotes the fluid's compressibility and ζ the magnitude of the skeleton's viscoelastic compressibility. We assume a compressible porous medium so that ζ > 0. It is, perhaps, helpful to remark that we are using slightly different notation to that introduced in [25] : in particular, ζ and η (see later) here correspond toμ andμ there.
Integrating by parts, recalling that p(0) = 0, and (to match with the material in the Wheeler et al. papers cited earlier) setting M = (φγ + ζ) −1 we arrive at,
where the internal pressure variable is defined by
and, setting ϕ 2 := ϕ 0 ϕ 1 /τ 0 for convenience, satisfies
With these preliminaries complete we now move on to a formal statement of the problem that we want to consider.
Let Ω ⊂ R d be a bounded domain with polygonal/polyhedral boundary and let I = (0, T ] denote the time interval in which the solution is sought. With this viscoelastic modification we formulate the equations of initially quiescent quasistatic poroviscoelasticity, based on the study in [25] and as an extension of the poroelasticity equations in [32] , as,
where η = ζϕ 1 /τ and with given loads q, f , initial data
in Ω at t = 0, and boundary data (withn the unit outward normal to the boundary ∂Ω),
In this system we assume that ϕ 0 , M, ζ, α, K and τ are positive constants, with ϕ 1 non-negative, and we are assuming quasistatic conditions (as in [18] ) by neglecting the inertia term ̺ü in (9).
Our notation is standard and is introduced as we go along. We just note here that · m := · H m (Ω) with no distinction being made for scalar-, vector-and tensor-valued functions, and we recall Young's inequality: 2ab ǫa 2 + ǫ −1 b 2 for all a, b ∈ R and for all ǫ > 0. Also because we are interested for the moment only in the model problem we will often assume that
in order to simplify some of the arguments.
Weak formulation
and so on and define the linear and affine spaces,
Recall also that with the graph norm, w H(div;Ω) := ( w and applying it to (9) we obtain first that for v ∈ V ,
and for the pressure term note that
and we are now led naturally to the weak problem in the following form:
(τσ
and where L, χ := (f , χ) + (g, χ) Γ N and a(u, χ) := (Dε(u), ε(χ)). For use below (as is standard for elasticity problems) we define an energy norm via · V := a(·, ·) 1/2 . Note that we require f = g = 0 at t = 0.
Our first result is a basic stability estimate. As is usual for linear problems this will inform the structure of the discrete stability estimate, Prop. 3.2, as well as the main error bound, Lemma 4.1.
Proposition 2.1 (stability) With (12),
for all t ∈ I.
Proof. Choose χ =u, φ = p and ψ = −z in (13), (14) and (15), and add to get,
Hence, on noting the double cancellation, we get,
Now we choose θ = 2σ * in (16) and arrive at
and then, for some constant ϑ ∈ R + , we may also choose θ = 2ϑσ * in (16) to get,
Similarly, in (17) we choose first ̟ = 2p * to get
and then choose ̟ = 2ṗ * to get
Incorporating both of these then yields,
Integrating over (0, t) and then integrating by parts in the first three terms on the right now gives,
To finish the proof we will handle the first term on the right with Gronwall's inequality, the second and third (resp. fourth and fifth) terms with a Gronwall estimate for terms in p (resp. u) and a kickback for the p * (resp. σ * ) terms. For terms six to nine we recall that the initial data are zero and then can kick back u while the entire term ten can be kicked-back with a suitable choice for ϑ. Terms eleven and twelve can be handled with Gronwall's inequality again, as can term thirteen with a kickback on the internal variable. Thus, by Young's inequality, we have the following estimates,
Hence,
We can now choose ǫ 6 = ǫ 8 = ǫ 10 = 1/6 and
, and then complete the proof by using the Sobolev estimate · L∞(0,t;·)
C · H 1 (0,t;·) and then applying Gronwall's inequality.
Corollary 2.2
Under the same hypotheses as above we also have that u L 2 (0,t;V ) is bounded by data.
) follows from (16) and the stability estimate given above provides the desired bound.
Numerical scheme
For the time discretisation we choose an N ∈ N and set t i = ik where k = T /N is the time step. We write w(t i ) = w i and so on, define ∂ t by the differencing rule ∂ t w i := (w i −w i−1 )/k and for later use recall the identity 2k(
The second term on the right will play a useful role in establishing stability of the discrete problem-see later in (23) .
Relative to a given triangluation, (17) is then:
and where (21) and (22), we have introduced a shifting, or 'lagging', operator defined through m v i := v i−m , but we will only be concerned with the cases m = 0 and m = 1. The former is in some way the 'natural' choice for an implicit Euler discretisation while the latter represents a 'lagging' (in the sense of Lowrie, [14] ). We shall see below in Prop. 3.2 that the lagged scheme is stable for all time step sizes while the natural scheme appears to be only conditionally stable.
In the case of 1 it is clear that the viscoelastic stress and pressure calculations can be performed independently of the displacement, pressure and flux calculations due to the lagging. Also, for 0 we notice that this calculation can still be performed outside of the displacement calculation since,
and substituting into the displacement equation then produces,
according to our earlier definition of the stress relaxation function. Hence, at any given time level we can solve for displacement, pressure and flux using the previous viscous stress, and then update the viscous stress prior to advancing to the next time level.
In a similar way, (22) can be written in the case of 0 as
and by choosing ̟ = ζφ/(τ + ϕ 0 k) and substituting into the pressure equation, (18), we arrive at,
Recalling that η = ζϕ 1 /τ and ϕ 2 = ϕ 0 ϕ 1 /τ we easily obtain the simplification η − ζkϕ 2 /(τ + kϕ 0 ) = ζϕ 1 /(τ + kϕ 0 ) 0 with equality only when ϕ 1 = 0 (since ζ > 0). This re-formulation does not, therefore, affect the well-posedness of the problem.
Remark 3.1 First, notice that we can get back to poroelasticity simply by taking ϕ 0 = 1 (so that ϕ 1 = 0). Conversely, any poroelasticity solver can be turned into a poroviscoelasticity solver by simply adding four functionalities.
1. The extra "reaction" term and viscous pressure load needs to be incorporated into the pressure equation, (18).
2.
The extra viscous stress loading needs to be included in the right hand side of the displacement equation, (20) .
3. For the 0 scheme the Lamé coefficients need to be replaced by modified vales according to the replacements
The lagged scheme does not need this modification.
Proposition 3.2 (discrete stability) With (12), ϕ 1 > 0 and for small enough time step in the case of 0 , we have,
for all j N.
Proof. In (18), (19) and (20) we choose φ = p
, add the resulting equations and multiply by 2k to get,
Here κ, ϑ ∈ R + are constants that will be specified later. Also, for two other positive constants, ρ and ̺, we choose ̟ = 2ρkp * h i in (22) 
. Assembling these results into the main expression above then yields,
We now number the terms on the right as I, II, . . . , IX and will consider them in smaller groups. Also since terms I and II contain the lagging operator we will leave them until after we have dealt with terms V II and V III. To begin, and recalling that the initial data are zero, for term III we have,
Note that this manipulation has meant that we do not have to assume that k is small enough in order to take the term in p h j to the left hand side. In fact term one on the right of this is bounded by data, the second can be handled with a discrete Gronwall lemma and the third will be kicked back -without requiring η > 0.
For terms IV and V we first note the following discrete-integration-by-parts identity for an arbitrary linear form, L,
Then, for IV and V we have,
with a similar estimate for the term in g. Choosing ǫ 4 = ǫ 5 = 1/4 and putting these results together then gives,
Now we label the last six terms as A, B, C, D, E and F and continue. First, since u(0) = 0 and σ * h 0 = 0 we get for term A that,
In this the last term can be handled with a Gronwall inequality but the other three terms have to be kicked-back. For term F we have
for every ǫ F > 0.
Terms B and C both contain the lagging operator so we deal first with the lagged case where m = 1 and 1 u h i := u h i−1 . Again using u(0) = 0 for term B we then have,
while for term C,
For terms D and E in the lagged case and with ̺ = 1 we have,
Merging these into (24) then results in,
Next, recalling that we are assuming ϕ 1 > 0, we choose ρ large enough so that ρ > ζτ /2ϕ 0 ϕ 1 . Therefore ζ/ϕ 0 ρ < 2ϕ 1 /τ and we can find ǫ F so that ζ/ϕ 0 ρ < ǫ F < 2ϕ 1 /τ . Recalling that η = ζϕ 1 /τ we can conclude that ǫ F < 2η/ζ or, in the more relevant form, η − ǫ F ζ/2 > 0. On the other hand we also see that ζ/ϕ 0 ρ < ǫ F implies ζ/ǫ F < ϕ 0 ρ or, what is again more relevant,
and apply Gronwall's inequality to give the desired result (which is uniform in ζ) for any time step k > 0.
Turning now to the non-lagged case we have m = 0 and 0 u h i := u h i . In this case for term B we have,
The last term on the right can be 'Gronwalled' but the others will be kicked-back. Next, for term C we obtain,
while for D we have
Assembling these results into (24) now gives,
The next step is to choose the ǫ's so as to keep all of the coefficients on the left positive. We begin this procedure by dealing first with the terms involving p h and p * h .
First we see that ǫ ′ E and ǫ ′ D can be chosen rather freely since they appear in the summation on the right hand side so, to simplify the arguments that are coming, we will take ǫ ′ E = 1 and insist that ǫ ′ D < 2τ which is possible since τ > 0. With this we observe that ̺ϕ 0 + ρτ > 0 by assumption and that, since η = ζϕ 1 /τ > 0 (recall that ϕ 1 > 0), we can guarantee that η − ζǫ F /2 > 0 by insisting that ǫ F < 2ϕ 1 /τ . In a similar vein we can guarantee that (2τ − ǫ
is always achievable by controlling k/̺. Now, since ǫ ′ E = 1 we see that
which, in turn, is equivalent to ǫ E > ǫ F kϕ 0 /(ρϕ 0 ǫ F − ζ) which can be guaranteed by choosing k small enough with the proviso that ρϕ 0 ǫ F − ζ > 0, or ǫ F > ζ/ρϕ 0 . Taken together with the earlier restriction on ǫ F we have therefore to require that,
which is always achievable by choosing ρ large enough. The last of this set of terms to be concerned about is the requirement that
which, with the lower bounds on ǫ D and ǫ E stated above, can be re-written and bounded as,
This can always be achieved by requiring small enough time step k and so with any ̺ > 0 completes the calculations regarding the internal viscous pressure variables.
Turning now to the terms involving σ * h we notice this time that ǫ ′ A , ǫ ′ B and ǫ ′ C can be chosen freely since they are balanced on the right by the 'Gronwall coefficient', and we recall that we are still free to choose κ, ϑ > 0.
Clearly we need to insist that ǫ A < 1/2 with ϑ − D 
and ǫ ′ C can all be chosen within these constraints and so, even with the lower bound on ϑ, we have derived achievable lower bounds on ǫ B and ǫ C and a non-empty two-sided bound on ǫ A . The last requirement is that,
Observing the lower bounds on ǫ B and ǫ C we also need,
Putting these last two inequalities together and using the lower bound on ϑ then results
(1 − ǫ)τ k and this will be satisfied if k is small enough. Therefore, for small enough time step, the proof is completed by using the discrete Gronwall lemma.
Remark 3.3
Note that the six terms labelled A, . . . , F in (24) are not present in poroelasticity and the inequality then reflects the unconditional (in terms of time step) stability of the coupled poroelasticity algorithm.
On the other hand the time step restriction in the non-lagged algorithm seems to be necessary. If we note that sending ϕ 1 → 0 or τ → ∞, both representing the vanishing of viscoelasticity, then by examining the proof we can see that the restriction on the time step vanishes and we get back to the unconditional stability of poroelasticity. This suggests that not too much information has been discarded in the foregoing analysis.
Since the problem is linear we have a well-posedness result for the discrete schemes.
Proposition 3.4 (discrete well-posedness) Assume (12). Then (for small enough time step in the case of 0 ) the discrete problem has a unique solution that depends continuously on the data.
Proof. The initial data are zero and for each time step, given unique previous values, the discrete scheme defines a linear map from the data into the discrete solution space. The stability estimate implies that this map is bijective.
Error estimates
We now move on to explore the convergence properties of the lagged scheme and derive an a priori error bound. To begin we introduce projections,
as follows. Π p and Π σ are defined as the standard L 2 (Ω) and L 2 (Ω) projections; Π u is the usual Ritz, or elliptic, projection defined through a(·, ·); and, Π z is the usual RaviartThomas interpolator, see [23] , which satisfies (∇ · (w − Π z w), φ) = 0 for all φ ∈ WLemma 4.1 (main error bound) Assume (12) along with,
then for the lagged scheme, with any time step k > 0,
for a constant C independent of h and k.
Proof. The approach is quite standard and so we include only the main steps. Subtract each of (13), (14), (15), (16), (17) (at t i ) from its counterpart in (18), (19), (20), (21), (22) with the choices φ = E 
Now, in the right hand side of this, we observe the orthogonalities for
and so, upon removing right-hand-side terms 5, 6, 10, 11, 13, 14, 21, 22 and 23, we are left with,
There are now fourteen terms on the right, with all except terms ten, eleven and twelve containing approximation error. This means that we will have a good deal of freedom in using kickback arguments by choosing suitable ǫ's in Young's inequality. Indeed, labelling these terms in order as I, II, III, . . . , XIV we sum over i = 1, . . . , j and see that terms I, II, V, XII, XIII and XIV, involving E i p and E i c , can be controlled by approximation, a kickback and a Gronwall inequality. Terms III, IV and VII, involving ∂ t E i σ , can be dealt with by approximation and kickback while term X, due to the lagging, is easily dealt with by a Gronwall estimate. Term VI presents no difficulty but terms VIII, IX and XI will need to be summed by parts using (3).
So, to summarise, we have,
and we now estimate the summed terms on the right in the way described above. To do this we will make use of results of the following type. Sincev(
(ξ) dξds, it is easily deduced for a scalar product (on X say) and its norm that for all p 1,
where w is not time dependent.
We apply Young's inequality to terms I, II and V with ǫ = 6 for the j-th term in the sum and arrive-first in detail, and then more succinctly-at,
Similarly, for terms III, IV and VII using ǫ = 5 in each Young's inequality we have,
while X and VI yield,
Next, for terms VIII, IX and XI we use (3) to get,
Hence, for all ǫ > 0, there is a C ⋆ depending only on D such that,
Lastly, for terms XII, XIII and XIV we have
Assembling all of these results produces,
and by choosing, for example, ǫ = 2 and any ϑ > 6C ⋆ we complete the proof by using (25) and Gronwall's inequality. 
Ck+Ch for a positive constant, C, independent of h and k.
Proof. Use Lemma 4.1, the definitions of the error components, and the triangle inequality.
Numerical experiments
To illustrate the error bound derived in the previous section we substitute into the PDE system a simple chosen form for pressure and displacement so that we may determine exact (up to quadrature error) values of error norms. Specifically we take, p = (t + 3t 4 ) cos(3x) cos(2y) and u = (t + 2t 3 ) cos(x/3) cos(2y) cos(2x) cos(y/3)
In the absence of viscoelasticity (i.e. when ϕ 0 = 1) this procedure is straightforward. We just use the exact solutions in the PDE's so as to derive the corresponding forms for the data. However, when ϕ 0 ∈ (0, 1) the situation is a little more complicated and less easy to implement. The root cause is the absence of free-to-choose loads on the right hand side of the internal variable ODE's for p * and σ * . This means that the forms of these internal variables are dependent on the forms chosen for the pressure and displacement. Of course, we could introduce arbitrary loads into these ODE's but then the software becomes unnecessarily convoluted (the boundary tractions are affected and the physical meaning of p * and σ * becomes obscured). Some notes on how the exact solutions are implemented in the presence of viscoelasticity are given in Appendix A. We note also that any artificially created solution must respect the symmetry of the stress tensors, but (for simplicity) we have not taken the extra step in these artificial solutions of respecting the homogeneous boundary data assumed earlier for the theory. For these numerical experiments we consider the d = 2 case only (i.e. Ω ⊂ R 2 ) by taking Ω = (0, 1)
2 . We let T h ∈ {T } h be a member of a family of quasiuniform and shape regular triangulations of Ω where each 'mesh' is formed by taking an M × M array of the basic building block ⊠. Thus we get h = M −1 and (M + 1) 2 + M 2 triangle-corner nodes for a given M ∈ N. Because we are dealing here with a simple model problem we were able to carry out all of the computations in FreeFem++ v.3.9 (see www.freefem.org) and solve the pressure and displacement problems simultaneously. However, in practice and for large scale simulations, we note that iterative coupling procedures are usually used, see [16] for example.
For the numerical tests that follow we used the parameter values T = 2, E = 3, ν = 0.3 so that λ = 1.73077 and µ = 1.15385 by the standard Hooke's law expressions λ = Eν/((1 + ν)(1 − 2ν)) and µ = E/(2 + 2ν). We also used ϕ 0 = 0.5, ϕ 1 = 0.5, τ = 10, α = 2, η = 0.125, ζ = 2.5, K = 4 and M = 2 (which shouldn't cause any confusion with M, the grid parameter, above).
The results are shown for the lagged scheme (using 1 ) in Tables 1, 2 , 3, 4 and 5 and for interest, although not covered by our error bound, for the non-lagged scheme (using 0 ) in Tables 6, 7 , 8, 9 and 10. In each case we clearly see the O(h + k) convergence down the diagonals.
A practical example
In this section we attempt to illustrate the behaviour of this model in a more realistic geomechanics setting. We start by considering a 1 km by 500 m vertical cross section of rock skeleton with Young's modulus E = 4.0 × 10 7 Pa and Poisson's ratio ν = 0.3. Thus Ω = {0 < x < 1000 and − 500 < y < 0} and we take T = 6, ζ = 2.5, K = 10 −5 , M = 10 and compute on a 40 × 20 mesh of isoceles triangles (with the diagonals flipped at the top left and bottom right corners of Ω to avoid having all of those triangles' nodes lying on ∂Ω). Note that these values have been chosen for the purposes of illustration only. The discretization is otherwise exactly as described above in Section 5, and we use the lagged scheme.
For the body forces we take f = 0 and for the tractions we take: g = (0, −1000x) on y = 0 (the top); g = (1000(500 + y), 0) on x = 0 (the left); and, g = (0, 0) on x = 1000 (the right). On the bottom where y = −500 we impose u = 0. For the pressure equation we assume a simple hydrostatic pressure field and take an initial pressure of p(x, y, 0) = −8000y (this approximates ̺gy for ̺ = 800 and g = 9.81). Consistent with this we set the fluxes as z ♭ = (0, 0) on the left and right; z ♭ = (0, 8000) on the top; and, z ♭ = (0, −8000) on the bottom.
To demonstrate the effect of the coupling and of the viscoelasticity on the deformation and pressure we consider the four cases corresponding to α = 1.0 or α = 0.1 and {ϕ 0 , ϕ 1 } = {1, 0} or {ϕ 0 , ϕ 1 } = {0.8, 0.2} with, in each case, τ = 10 (recall that ϕ 1 = 1 − ϕ 0 and in some sense measures the 'amount' of viscous effect present in the material).
The deformed meshes, using a scaling of 10u at the final time are shown in Figure 1 while the final pressure fields are shown in Figure 2 . The shading corresponds to pressure levels increasing from −500 000 to 4 500 000 in steps of 500 000. The 'stair-casing' is an artefact of the piecewise constant pressure field. These results will be discussed in the conclusions.
Concluding remarks
We have presented an extension to a fully discrete mixed and Galerkin approximation to poroelasticity to allow for viscoelastic relaxation in the porous media. Our lagged numerical scheme is unconditionally stable, has optimal convergence rates and is simple to implement into an existing poroelasticity solver. A manufactured solution indicates that the lagged scheme delivers a numerical solution that is of equivalent quality as the fully coupled non-lagged scheme but is easier to implement.
Moving on now to consider the 'practical example' we can see from the left of Figure 1 that the relatively small amount of viscoelasticity with only small pressure coupling, α = 0.1, has little effect on the final deformed shape of the domain. This is to be expected since the longer term creeping deformation is restricted by the long term elastic modulus, ϕ 0 E, and the pressure effect on the displacement equations is 'small'. However, when the coupling is increased we see from the right of Figure 1 that the presence of viscous effects has marked effect. On the other hand we observe from Figure 2 that the coupling parameter exerts no discernable influence on the final pressure field but that the presence of even this small amount of viscoelasticity has a rather profound effect.
Of course these findings are for these data only and must be taken with some caution before they can be extrapolated to 'reality'. On the other hand what we have demonstrated is that the addition to the poroelasticity equations of viscoelastic damping in the skeleton produces novel effects and gives an extra dimension of capability to the modellerwhether the concern be with rock, biotissue or indeed any other porous media comprising of a 'lossy' skeleton material.
In closing we note that further extensions to this work could include plasticity, thermal effects, nonlinearities and dynamics. It seems that the last of these could readily be included in the working given above since if (̺ü(t), χ) is included in the displacement equation then, on choosing χ =u(t), we get, (̺ü(t),u(t)) = 1 2
which integrates to give the change in kinetic energy from 0 to t. [34] Benedikt Wirth and Ian Sobey. with zero initial data on all terms (but we allow more flexibility than in the theory on the behaviour of these test problems on the boundary of Ω). Recall also that σ = Dε(u)−σ * , ϕ 0 > 0, M = (φγ + ζ) −1 and η = ζϕ 1 /τ .
To get the exact solutions that underlie the error data shown earlier we chose the forms for the pressure and displacement functions and then designed the loads and boundary conditions so that they were indeed an exact solution of the problem (this procedure is often termed the method of manufactured solutions).
For the viscous effects though we had to ensure that any given 'solution' did not introduce extra loads in to the right hand side of the evolution equations for the internal stress and pressure variables.
To do this we assumed first that the displacement was separable: u(x, t) = F u (t)U (x). Then, for the internal stress variables we have, The viscoelastic effect is then (for the purposes of clean coding) captured in the integral. If we take the case where F u (t) = t+ A u t m , for some constant A u and with m a non-negative integer that we can choose, then by recursion, Therefore, with this limited degree of flexibility for choosing the exact form of the displacements, the internal stress variables are given explicitly by, . This is the form that was hard-coded in to the software in order to demonstrate the convergence rates.
A similar situation arises with the internal pressure variable. In this case we use the ansatz p = P (x)F p (t) and get, These somewhat artificial manipulations allow the construction of test problems with known exact solutions which can then be used to demonstrate the theoretical convergence rates.
